principle of 



that the two feedback 
il the voltage t>, ss 0. A 
;e by the additional su 
s across the output terr 



it X. On the above 



If u 2x g v 3x , we can determine w 
B N is in the active mode on the basis of I 
the (fictitious) current 



output voltage of the i 



vmplify. From Eq. (10.25) w 



v - = ~ Rf > [rJ+r,, + rJ 1 Ir n ) ■ 
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B P will be cut off; conversely, for v t < V r the amplifier B P will 
ation and the amplifier B N will not amplify. In the special case, 
= V r . both amplifiers are cut off and the output voltages 
ind i> 3 . = o 3x . The behaviour of the inverting non-linear amplifier 
■e loads, for which v 2x S t> 3x , can be described by the transfer 



in Fig. 227b. 

1 » 3X are given by Eq. 



Depending on the natt 



inductor. Depending on 



[45]. 

changes in the voltage ar 



differ 






s L and ('. lo investigate 
e operation of non-linear resonant circuits, we usually apply the method 
equivalent linearization or the method of slowly changing amplitudes, 
the quality factor of the resonant circuit is high enough, the circuit 



I 



iV^T 



linear capacitor. We shall find the resonance characteristics of the 
parallel resonant circuit of Fig. 228. In the analysis, we shall use the 
method of equivalent linearization, which was discussed in Section 5.2.1. 
In accordance with experimental findings, we shall assume that the resonant 
circuit has marked selective properties so that the higher harmonic 
components of the current produce a negligible voltage across the resonant 
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be approxim 
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Here, v is the voltage appliec 


to the 


diode, C d (0) is 


hediffei 


at u = (see Fig. 228c), an 








Ifi) = V + i>i, where V is 


theb 






point P, Eq. (10.31) can be 


ewritt 


en in the forn 





CM) = c„(i + >»,)- 



°<m- 



We usually work with V, < V„ - V 0> hence \^aV 1 \<L Then exp 
(10.32) can be expanded into a power series, and we shall concentrati 

thus obtain 

where fll = C ,/a/2, a 2 = 3C o/8. The current flowing throu 



7-=C d (»i)^7 = C d (« 






08(20>t) a,^ cos (cot). 



C e «) = C + ^f if = C (l+~^ 



"i " 'i 

Denoting co = 1/s/LCo, we obtain the result in the form 

The dash-and-dot curve of Fig. 229a is inverse to the curve o),(Vi)/o) , 
which gives the dependence of the relative resonant frequency co,/<» on 
the amplitude Kj of the voltage across the capacitor. 

solving it we shall obtain the module and the argument (phase) character- 
istics. Following from Fig. 228b, the complex amplitude of the voltage Vj 
will be expressed by the relation 



The module of this complex amplitu 



-7 m'[i-Jggg' + « 'z r - < 10 - 40 > 



[l-^LC era p + ^[l-(^J] = 0, 



where K„„ = IR P and Q = £„/(<»„£) « «„/(»£) is the quality factor of the 
• resonant circuit when V L -> 0. After mathematical rearrangement, we 
obtain the biquadratic equation 

-*- «»"' + W»['*«'-( J f l )']-»- «« 




VLC„(n) \l 1± \l Q 2 \ V} ■ 7 

ig now for C e (Vi) from Eq. (10.37), we obtai 



Eq. (10.44) for several values of K„», is given in Fig. 229a. We can sef 
that for small values of V m „ (e.g. V m „ = 0.25 V) the resonance curves an 

tance scarcely changes with voltage). With increasing V m , x the curve 

(because the equivalent capacitance increases). 

The equation corresponding to the argument (phase) characteristic 
is obtained on the basis of Eq. (10.39) rewritten in the form 



^ReV.+jImV^i- 



m 2 L 2 R„ 



Rl\\ - Q) 2 LC (Fi)] 2 + 0) 2 L 2 
coLRlll - m »£C.TO] „ _ 

+ U tf 2 [1 - co^C.tt/,)] 2 + co 2 L 2 • l ' 



<p = arg V, = arctan^i- = arctan -^ [1 - co 2 Z,C c (F 1 )] 






Though it is not obvious at first sight from Eq. (10.46), the phase 
shift <p is a function of the amplitude V y and the amplitude V m:L = IR r . 
The dependence on the parameter V„ x consists in that by Eq. (10.44) the fre- 
quency to = i(V lt V m J. The family of phase characteristics ip{co/a> ) is 
plotted for several values of V mla in Fig. 229b. 
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us that up to 



IV) 



;urves are single-valued. For higher 

-es are multivalued. Consider the curve shown in Fig. 230 

id observe the change in the amplitude V v of the voltage 

I relative angular frequency <d/co = a. the amplitude F, 
nuously at first (from point A; 'to points A 2 , and A 3 ), but 
jumps to the amplitude given by point A 4 . With further 




increases in the relative frequency, the amplitude decreases again c 


ntinu- 






relative frequency, the voltage amplitude will increase contin 


uously 


(points A 5 , A 4 , A 6 ). On reaching point A 6 , it will jump down 


to the 


amplitude corresponding to point A 2 , and with further decreasin 


ia>la> 


it will decrease continuously again. The shaded region is the ins 




region of the circuit (ae<« L ,a H », because in this region the res 




characteristic is multivalued. We also come across these jump phen 




in the amplitude when measuring the resonance characteristics o 


f para- 


metric resonant circuits. The theoretically established shape of th 




acteristic between points A 3 and A 6 in Fig. 230 cannot be 


erified 


experimentally [9], [19], [33]. 




10.2.2 Resonance phenomena in parametric resonant circuits 




The paxametric resonant circuit is a circuit containing at least one co 


trolled 



lergy. Under 



is, parametric ! 



re energy or they can 






lergy al 



lying it 



ather frequency. In these elements, there is an energy transposition talcing 
,ce in the frequency spectrum. This phenomenon is exploited in para- 
:tric generators and amplifiers. 

iwn from a dc voltage (or current) source which must form part of 



of a storage element changes a 
or excitation of oscillations usu 



if dc voltage energy to ac 
energy is conveyed to the 



The periodic change in the parameter of the storage element can be 
iilized not only by electrical but also by non-electrical quantities. 

electrical energy, and the parametric circuit has the function of an energy 

The phenomena in parametric circuits are described by parametric 
uations, i.e. equations with periodically varying coefficients. For their 
lution we use, on the one hand, some of the methods for the analysis 
linear and non-linear circuits (the method of equivalent linearization, 
e method of slowly changing amplitudes, the phase plane method, or 
me other method), and on the .other hand, some less familiar methods, 
te latter include in the first place the methods for solving Mathieu's and 
ill's differential equations. 



ations and steady processes in a parametric resonant 
>ive the fundamental physical processes taking place in 
is a periodic change in the parameter of the storage el 



acitor changes (Fig. 231). Assume that there is a ce 
on the electrodes of the capacitor C. If the capacit 
is C u the voltage across it will be V v = fii/A and 
ts electric field will have the magnitude 



(10.47) 
5 value Ci^Ci- 



decrease in its capacitance (Qj = C,^ = C 2 V 2 ). The increment MV of 
energy in the capacitor is given by the difference of Ihc two voltages 

AW = W 2 - W x = y 61(^2 - VJ = y Qi AK (10.50) 

It follows from Eqs (10.48) and (10.49) that the increase in the voltage 



in the ratio CJC 2 = 5, the voltage a 



;h the s 



angmg th 



;apacit 



.ssume now that the capacitance of a plate capacitor connected in 
sonant circuit changes periodically as shown in Fig. 232a, due, say, 
action of a mechanical force which changes stepwise the distance 
en the plates. The period of the change in the capacitance Tj = 2nl<o 1 . 



: all the e 



ergy in 



the capacitor, a 


nd let its capacitance at this instan 


t change stepwise- by 


value AC. The 


voltage across the capacitor will t 
ed in it. Then an energy exchange t 


hen increase, and so 


d the inductor 


akes place. During a quarter of a 


period of free oscil- 






nsro. If at 






rf the capacitor stepwise to the original value, this will happen 
without any energy consumption because W c = 0. The energy stored 
in the magnetic field of the inductor will remain unchanged. Next comes 

is again stored in the capacitor. If at this time we reduce stepwise the 
capacitance of the capacitor, a new supply of energy will be conveyed to 

The above process makes it possible to deliver permanently energy from 
the source changing the capacitance to the resonant circuit. If the energy 
supplied to the circuit is greater than the energy absorbed in the resistor R, 
the oscillations in the circuit will increase (Fig. 232b). In the above case, 
the energy is supplied to the circuit twice per period of oscillation. 




Let us now establish, a 



itely, the i 



rfuch 



are to increase. Consider that the current i(t) = I cos (<o t + it/2) in the 

that the capacitance of the capacitor C always decreases at instants hT, 
(« is integer), when the absolute value of the voltage v is maximum, 
i.e. |»| = V. Next, introduce the relative change in capacitance A'C/C , 
where AC = C t - C 2 and C = (Cj + C 2 )/2. 



AW R = ^4f, 



AW C = ~ 
supplied to the 



(10.52) 
it periodically every half period. Since / = m a C Q V, 



however, that oscillations in a parametric resonant circuit can increase 
also in cases when the capacitance Q(t) changes in general periodi cally, 
namely with the fundamental frequency to as 2co , where m = l/,/C L 



d by non-linear differential 
the analysis of parametric 
that we examine separately 
yield certain simplifications 



begins in the same fashion as in the case of common oscillators, namely 
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parametric resonant circuit; the processes will be described by linear 
differential equations with time-varying coefficients. In the examination 
of steady-state processes, the solution of the non-linear differential 
equation with time-varying coefficients is simplified, since the amplitudes 

differential equation and finding its solution. We shall assume that the 
capacitance C(t) varies by the time function 



C«) = 



(10.55) 



After substituting for C(t) and rewriting, v, 

^f- + 2«^- + a«l + ffl cos(2co £ )), 

Here, similarly to the linear resonant cii 



n - 0. Denoting 
= -^§-, 2b = m- 



d 2 q = d Uq\ ^d'^ 



(10.60) 
(10:61) 



id Eq. (10.57) can be rewritten in the form 



^btttetleeexpe o nto Eq. (1Q.62), we obtai 


Mathieu's 


^ + (a + 2 h cos2*)v = 


(10.64) 


a = c - d 2 = ^\ - d 1 . 


(10.65) 


Its solution can be expressed by the sum of two linearly 
solutions [4], [33] 


ndependent 


v = v, +y 2 = /l 1 e<"F(T) + ,l 2 e-"T(-T). 


(10.66) 




d Tt or 2n, 



The result (10,66) consists of the sum of two nearly periodic functions 
whose amplitudes (A t e"' and ^1 2 e~"') increase or are damped if the 
quantity ji is real. When investigating the nature of the solution by 
Eq. (10.66), we are in the first place interested in the problem of stability, 

|/4>0. (10.67) 




In that case, the amplitude of one of the components of solution (10.66) 
will increase beyond all bounds. Inequality (10.67) thus expresses the 
condition of the self-excitation of a parametric circuit which is, of course, 
lossless. 

In Fig. 233 we give the graphical representation of the instability 

regions, the coefficient n has real values. The region boundaries correspond 
to n = 0; in the direction towards the inside of the region, the quantity | fi \ 
increases. The instability regions (denoted in Fig. 233 by 1 through 5) 

at which a =. n 2 , where n = 2co lco i = 1, 2, 3, .... This means that for 
a = 1, 4, 9, 16, ..., i.e. for <u, = 2<u , o h = <b , a^ = 2co /3, c^ = a) /2, 
etc., the solution of Mathieu's equation is unstable for any arbitrarily small 

At points which are outside the instability regions, the coefficient n assumes 
a purely imaginary value, which does not result in increasing oscillations. 
For b < 0, the instability regions are shaped by symmetrical reflection 
about the axis a; plotted on the vertical axis in Fig. 233 is the absolute 
valuo|6|. 



twice per period of free oscillations. For co l # 2co , wh 
does not change at the same rate as the free oscillati 
the value of b must be the greater, the more frequen 



o the i 



(10.68) 

11 by Eqs (10.63) and 

(10.69) 



ability regions will be bounded by curves for which | p. \ = d. 
rves are within the regions \i = 0; they do not touch the a axis, 

s, the larger p is.' In Fig. 233, the instability regions for | /t | = d 



the parametric generator we have so far assumed that all its elements 
are linear. In such a case the amplitude of oscillations would increase 
beyond all bounds. In fact, however, one of the storage elements (or both 
of them) is non-linear, which results in a limitation of the amplitude of the 
generated harmonic oscillations. If the amplitude of the oscillations in 
the circuit reaches a certain magnitude, then owing to the non-linear 
characteristic of the capacitor or inductor the capacitance or inductance 

detuning of the circuit with respect to the frequency of its harmonic 
oscillations and thus also to deteriorated conditions of parametric 
excitation. In connection with this we are interested in the amplitude- 



©^ 




D(q, t) = D (l 



+ aD q- 



(10.71) 



i let the resonant circuit be tuned at a small amplitude of the voltage 
■oss the resonant circuit to the frequency o) , which is equal or close 
half the frequency 2a>, , i.e. co re co, . The phenomena in the parametric 



^ + ^ + ^ + msW))q + an oq ^o, 



= R/(2L), oil = 1/(LC ), C = 1/D . 



10.72) 
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l a steady process, 


the impedance 













determine this impedance, we must know the harmonic 
arrent and voltage acting on the capacitor. If in the 






at the c 



q(t) = J .',(£) it = -i- sin (o>,( + q>) = Q i sin (a>,t + <p). (10.74) 

The waveform of the voltage lit) across the capacitor will be determined 
from the relation 

v = D(q, t) q = D (l + m sin (2(o,t)) q + aD q 3 . (10.75) 

In this equation, we substitute for q from relation (10.74) and obtain 
v(t) = D a Q l sm{a> 1 t + <f>) 

+ ymD e,[cos(a>,J -q,)~ cos (3(0, t + <p)] 

+ aD o Q\\^sm(a, 1 t + c l> )-~sm(ic0 l t + -i<p)\. (10.76) 



= cos (2<p) cos (<B,t + (/)) + sin (2<p) sin (o>,e + if), 

there will be, further, 

lit) = |~y mDoQ, cos (2<p)l cos ((o,r + <p) 

+ Kfii U + \a<&\ + 4 mD oeiSin(2<p)lsin(a),t + q>) 

- \ ™D Qi cos (3a), t + p) - ^ afl„Q, sin (3ai,t + 3<p). (10.77) 

It follows from this equation that the harmonic components of the 
voltage across the capacitor have, in the given case, frequencies equal 
to 1/2 and 3/2 of the fundamental frequency 2co, with which the capacitance 



I L I. 3olf \ 



and through which the current 

■ h (t) = l ie i»" = / ie J<»" + ") (10.79) 

is flowing, we can express the equivalent impedance of the capacitor by 
the relation 

Z.K) = -yi- = R e + ]X, = R, + -^-£-- (l°- 8 °) 

By calculation we find that 



The 1 



(10.82) 
from Eqs (10.80) through 



(10.82): A controlled non-linear 

parameters are functions of the quantities m, /j and (p. The active 
component R s of the equivalent impedance can be positive or negative; 
this depends on the initial phase cp (i.e. on the phase relations in the resonant 
circuit). For ip = n(k + 1/2), where k is an arbitrary integer, the equivalent 
resistance R c will be negative and its magnitude will be 



K== - 



(10.83) 






P c = ^ma, 1 C F 1 2 cos(2 ? >). 



:o the circuit appears for cos {2q>) = 



P C| ,„= _-L mQ)l c 7f = -—(O^Ci 



10.87) 



Note that this active power P c must be delivered to the capacitor from 
outside in the form of the power necessary for the periodic change in the 
capacitance of the capacitor. As can be seen, the generated power is 
the greater, the higher the frequency <«! = <d , the greater the relative 

energy in the capacitor W c = C V?/2, where K, is the amplitude of the 

To investigate the shape of the resonance characteristic at sub- 



this 



nee characteristics. Following from Fig. 234b, there will be 
+ j \o H L - -^r- U + ¥$-) ~ ^V sin ( 2< P'l = °- (10 ' 88) 
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ie x axis). The equation of the curve will be derived from 
= 0. (10.93) 






(10.94) 



^ 2 = T (x 2 -l). 

parameters m and d, vi 
(Fig. 236) in which the 
obvious from Fig. 236 th 



tion that at the t 



o. From Eq. (10.92) we 



"■■'J{'- / TJ ± i-i" , - u '- < l0 -"> 

i the assumption that 
-yVm 2 -4d 2 < 1 - — , (10.99) 

It can be seen that the bandwidth, 2A in which parametric oscillations 
; self-excited depends on the relative capacitance change m and the 

mge m and the smaller the damping factor d, the greater the bandwidth 

For a given resonant circuit with damping factor d we can, from Eq. 
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:). Thi 



dependence m Q = f(v), where v = 2AmQjm 

double-shaded region represents the region 

etric oscilla tions. The dashed lines are the 

""& = V 1 + v 2 , and they represent the boundaries 

Fig. 237 that in the case of a detuned resonant 
;o increase the minimum value of the relative 



reoretical ones: in the instability region, where the resonance cha 
stic is multivalued, the amplitude of oscillations changes stepwif 
lints D and F in Fig. 236). 



